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We describe facets of the cones of alternating set functions and cut submodular set func- 
tions generated by directed and undirected graphs and by uniform even hypergraphs. This answers 
a question asked by L. Lov~isz at the Bonn Mathematical Programming Conference in 1982. We 
show that there is a network flow algorithm for minimizing a hypergraph cut set function. 

1. Introduction 

On the Bonn Mathematical Programming Conference 1982 L. Lovfisz[4] 
asks for the valid inequalities for the cone of cut submodular set functions. I f  G 
is a directed graph with arcs [i,j] having nonnegative weights eli, j], the cut set 
function f generated by G has the value f ( S ) = ,  s.~ c[i,j] on a subset S o f the  

vertex set V of G. If  the weights c[i,j] are symmetric, c[i,j] =c[j,  i] for all ares 
[i,j], then f is a symmetric cut function of an undirected graph. 

The polyhedral cone ~o(V) of  cut functions lies in the finite dimensional 
space R a(v3 of all set functions defined on the family &(V)=2 r of all subsets of 
a set V. Extreme rays of 9~0(V) are functions wt~,n generated by graphs with only 
one are [i,j] of unit weight. 

We show that 9t0(V ) is the intersection of the cone @+ (V) of all nonnegative 
submodular functions with the space Do(V)~R ~(v~ spanned by all vectors we, n.  
The cone 9t~(V)~gto(V) of symmetric cut functions is the intersection of the 
cone ~(V) of all submodular functions with the space D2(V)~Do(V) spanned by 
vectors wi, j--- wt~m-t- wtj, o. 

Where ~m(V) is a cone of cut functions generated by cuts of a complete 
uniform m-hypergraph, and extreme ray wa of the cone is generated by a hyper- 
graph with only one edge A of  the eardinality ]AI =m. The dimension of  the space 
D2k(V) spanned by ~m(V) with m=2k is equal to the number of all extreme rays 
of the cone ate(V).' 

The space D2k(V) for k_~0 lies in the intersection of hyperplanes defined 
by alternating equalities. The facets of the cones #t~k(V ) for k > 0  are defined by 
alternating inequalities. This is due to tile fact that the function wa for a nonempty 
A ~ V  is a symmetrization of a monotone submodular (0, 1)-function qa which is 
an extreme ray of the cone ~0(V) of  alternating set functions. The cone .4o(V) 
was studied by G. Choquet [1]. 

AMS subject classification (1980): 52 A 25, 05 B 35, 08 C 99 
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Here we give all facets of the cones .~r and ~ , ( V )  for k ~ 0  and show 
that the cones ~22k(V)for a fixed k->_0 have a co-NP description. 

In the last section we consider some functions of  cuts separating two specified 
vertices of a hypergraph. We show that there is a network flow algorithm for mini- 
mizing such a function. 

In what follows we denote V - X  by _X and the cardinality of  X by IXI. 

2. Alternating functions 

G. Choquet [1] introduc.ed an alternating operator D} on a set function 
fER e~cv) (also, see [5]) 

D~(X, A,: iES) = Z ( -1)I r l f (XUA(T)) ,  
T=cS 

where Xand  As (iES) are subsets of V, A(T)=  U Ai, A(0)=0, and S is an arbi- 
iET 

trary finite index set of  the cardinality [S[=k. 
A set function f i s  called k-alternating if D}(X, Ai: i E S ) ~ 0  for all Xc=V 

and all k-families {Ai: iES}, IS l=k>0,  i.e. if 

(2.1) • (-1)Irlf(XUA(T)) <= O. 
Tc=S 

A function f is called alternating i f f  is k-alternating for all k >  0. The cone do(V) 
of alternating functions with f ( 0 ) = 0  is determined by the inequalities (2.1) for all 
Xc=V and for all families {As: iES}, SgO, and by the equality f (0 )=0 .  

A function f is 1-alternating iff f is monotone, f is 2-alternating iff f is mo- 
notone and submodular. Hence ~'0(V) is a subcone of  the cdo(V ) of monotone 
submodular functions with f (0 )=0 .  

G. Choquet notes that if fEdo(V)  and there are subsets A, Bc:V such that 
O#f(A)<f(B) then f=f~+f2  where f~(X)--f(XUA)-f(A) and f2(X)=f(X)+ 
+f(A)-f(XUA). It is not difficult to verify that A,AEdo(V), A and f2 are not 
in proportion (since f~(A)=O;~f(A)=f~(A)) and are non-zero functions ( f i (B)=  
=f(BUA)-f(A)>=f(B)-f(A)>O). Therefore every function lying on an extreme 
ray of  do(V) can have only one non-zero value, i.e. these functions are (0, l)-func- 
tions up to a multiple. 

Every (0, 1)-function fEcgo(V)is  determined by its upper zero B =  
U {X c= V: f(X) = 0}. Let qc be a such a function with upper zero B = V -  C = C, i.e. 

{~ if X A C # 0  
(2.2) qc(X) = if X =c C. 

Let 6(A,B)=O, if Ar and 6(A,B)=I if A=B. 

Lemma 2.1. The functions qc belong to the cone ~*r and 

(2.3) 
~-6(Tc,  S ) < 0  if Xc=C 

D~c(X,A~: iES) = Z (-1)Irlqc(XUA(T)) = [ 0 otherwise 
T~S 

where T c=S-U{TES:  XUA(T)=6 '} .  
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Proof. By (2.2), it is easy to see that qc(XUA(T))= 1 if X ~  C and qc(XUA(T))= 
=qrc(T), where qrcEC~o(S), if X ~ C .  Hence, for S ~ 0  we have 

Z(--1)Ir lqc(XUA(T))= • ( - - 1 )  I r l = 0  
rc=s Tc=s 

if X ~ C ,  and = Z( -1) l r lqrc (T)= Z ( - l ) l r l -  Z ( - 1 ) l r l = - 6 ( T c ,  0)= 
Tc=S TC=S T ~ T  c 

= -6 (Tc ,  s) .  I 

We use (2.3) for O~S~V,  X='S and Ai={i}. In the case, X ~ C  means 
So=C, and Tc=S means S=C. Hence we have 

(2.4) Z ( -  l) I rlqc (S U T) = -  6 (C, S). 
T~=S 

It follows that the 2"-1  functions qa for A ~ V, A ~ 0, constitute a basis 
of the space Ro ~(v) of all set functions f :  &(V)~R with f (0)=0.  Let f =  Zgy(A)qa 

a 
be the representation of fER~ (v~ in the basis {qa}. Using (2.4) we can find coeffi- 
cients gl :  
(2.5) g.r(A) = ~ '  (-1)lnl+~f(-~UB) = Z (-1)m-~l+lf(B) �9 

Theorem 2.2. The cone do(V) of alternating functions has 2 " -  1, n=  [V[, extreme 
rays, which are all 2"-1  functions qafor Or The facets of the cone a~Co(V ) 
are defined by the 2 ~- 1 inequalities 

(2.6) Z (--1)ln-'41f(B) --~ O, Z ~  A ~ V, 
Ac_BC_V 

which are equivalent to all the inequalities (2.1)for f with f(O)= O. 

Proof. It was shown in [3] that every function qa is an extreme ray of the cone 
~o(V)D=s/o(V). Recall that every (0, 1)-function f6~o(V) coincides with one of 
qa's. ]herefore, according to the above Choquet remark and Lemma 2.1, qA are 
extreme rays of d0(V) and there are no other extreme rays. Since fE.~o(V) iff 
gy(A)>=O for all A, by (2.5) we obtain that (2.6) are facets of ~0(V). l 

3. Cut functions of a directed graph 

Recall that a set function fCR~(v) is called a cut function if there are non- 
negative weights c[i,j] of arcs [i,j] of a complete directed graph K ~ with a vertex 
set V, IVl=n, such that for X ~ V  and H=V--X 

(3.1) f ( X ) =  Z c[i,j]. 
iEX, jE~ 

The cut functions are submodular and compose a polyhedral cone ~0(V)E 
=:_R ~(r). I f  the weights c[i,j] are symmetric, i.e. if  c[i,j]=c[j, i] then so is f,  
that is f (X)=f(X)  for all Xc=V. The symmetric functions constitute a subcone 
~2(V) ~ 0 ( V )  of cut functions of an undirected complete graph K,. The cut func- 
tions with c[i,j]~O only for [i,j]CEC=E, (E, is the set of all arcs of K ~ con- 
stitute a cone ~o(V,E)C-~o(V)=-Ro(V, En) of functions generated by a graph 
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G(V, E). The cone ~z(V, E) c = ~ ( V )  of  symmetric functions is defined analogously, 
with Ec=V 2, where V z is the set of all unordered pairs (i,j) of elements of  V, 

Let wv, lj be a cut function related to a graph with only one arc [i,j] of unite 
weight c[i, j l = l ,  such that 

{; if iEX, j E X  
wti'jl(X) = otherwise. 

Since every cut fun~ion can be represented as 

(3.2) f ( X )  = z~ c[i,j]wt~,~l(X), c[i,j] >= O, X c= V,, 

wtt, j I are extreme rays of the cone ~0(V, E). 
It is not difficult to verify that 

wtt,~ = q~,i--qi, 

where qt.j and qi are qa of  the preceding section for A={i , j }  and {i}. 
Extreme rays of the cone of symmetric cut functions are the functions 

w~,~ = wt~,jl+ wff,~ 3 = 2qt,j--q~--q~. 

Obviously the cones g0(V) and ~ ( V )  lie in a subspace D0(V)~Ro ~v~ 
spanned by vectors wt~dl. The subspaee Do(V) lies in a subspace spanned by vectors 
q~, iEV, and qt, j, ( i , j )6V 2. This last subspace is determined by the equations 
gs(A) = 0  for IAI-->3, where g.t(A) is given in (2.5). Recall, gs(A) is the qa-coordinate 
of a vector fER~o <v) in the q-basis. Below we give a co-NP description of 
the space Do. 

We apply to qt,~ and q~ Lemma2.1 for X=~  and for a family {At: iES} 
of disjoint sets At. It is easy to see, that if IS1=>3 then for every pair (i,j)EV ~ 
there is a set Ak, kES, such that Akc=V-{i, j} .  It follows that cut functions sat- 
isfy the equality 
(3.3) .~ ( -1) lr l f (A(T))  = 0, ISI --~ 3. 

T----.S 

These equalities for IS1=3 were found by W. Cunningham[2]. Since for any cut 
function f(13)=0, (3.3) is valid for S=O. 

Consider the equalities (3.3) for one-element sets r and define functions 

(3.4) ay(S) = -  ~ '  ( -  1)lrlf(T). 
Tc_8 

In particular, 

(3.5) af(i) = f( i ) ,  aj,(i,j) = f ( i ) + f ( j ) - - f ( i , j ) ,  

and according to (3.3) a~,(S)=0 for IS1=>3. 
The linear transformation f--,.aj, is lower triangular and nondegenerate. 

Hence the hyperplanes 

(3.6) aj.(S) = 0, S ~ Z, ISI --~ 3 and S = I~ 

are linear independent and their intersection is a subspace D(V) of R~ <v) of  the 
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dimension n+n(n-1)/2=n(n+ 1)/2. Applying M6bius inversion to (3.4) and using 
(3.6) we obtain 

(3.7) f (S )  = -  Z (-1)lrla~r(T) = 2 a 1 ( i ) -  Z as(i,J). 
T c S  tES  (I , j )  ES t 

According to (3.5), this expression in f-coordinates has the form 

(3.8) f (S )  = Y~ f ( i , ] ) - ( I S I - 2 )  Z f ( i ) ,  S c= 16, ISI -~ 3, f(O) = 0. 
( i ,J)ES ~ IES 

(3.7) is a representation of a function fED(V) in the coordinates aft), iEl z, 
and a(i,j), (i,j)6V 2, which are the values of the function a~ on one- and two- 
element sets. The a-coordinates of the functions wt~,n are easy to compute 

att, n ( i ) = l ,  at~,n(k ) = 0  if k ~ i ,  

at~,jl(i,j) = au, l~(i,j) = 1, att,n(k, m) = 0 if (k, m) ~ (i,j). 

Let A' be a n(n+l)/2• matrix with elements at~,n(k ) for kEV and 
-att, n(k, m) for (k, m)EV 2, all [i,j]EE. The matrix A' is an incidence matrix 
of the following bipartite graph Gw(E) with arc set E. The vertex set of G~,(E) is 
a set V,~=VUV ~ with a partition V and V S. An are [i,j] connects a vertex iEV 
with a vertex (i,j)EV ~ and is directed from i to (i,j). The degree of a vertex 
(i,j)EV z in G~,(E) is less than or equal to 2. 

Alternating (3.2) we obtain as(T)= ~ c[i,j]att, n(T). Taking into account 
[I , j]EE 

(3.6) we can this write down as 

(3.9) a} = A" c, c >- O, 

where a~ is a n(n+ 1)/2-vector of the space D(V) with coordinatesa}(i)=af(i) and 
a~(i,j)=-ar(i,j). The system (3.9) has the following explicite form 

as ( i )=  ~ c[i,j], a$(i , j )=c[i , j]+c[j , i] ,  c[i,j]~_O, [i,j]EE. 
j :  P,/IEE 

This system regarded as a system of equalities and inequalities with unknown c[i,j] 
is a supply-demand problem on the bipartite graph Gw(E) with the supplies as(i ), 
iEV, the demands a.r(i,j), (i,j)EV ~, and withinfinite capacities of the arcs [i,j]EE. 
The facets of the cone (3.9) define a minimal set of necessary and sufficient con- 
ditions that this problem has a solution for a given vector as. It is well known that 
these conditions have the form 

(3.10) -d (W,W)  <- z~ay( i ) -  ~ a$(i,j) ~_ d(W,W), 
16W ( i . j ) E W  

where W c=Vw, W=Vw-W,  and d(W, W) is the capacity of the cut (IV, W). 
A cut (W, W) is considered as a set of arcs having one end in W and another 

end in W. The capacity d(W, W) of the cut (W, W) is the sum of capacities of 
those arcs of the cut, which are directed from W to W. A cut is called empty if the 
set of its arcs is empty. A cut (W, W) is called oriented (antioriented) if all its ares 
are directed from W to W (from W to W, respectively). An empty cut is simulta- 
neously oriented and antioriented. A cut of the graph Gw is called minimal if deleting 
of its arcs increases the number of connected components of Gw by exactly one. 
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Proposition 3.1. The cone (3.9) lies in a subspace of  the space D(V). This subspace 
is defined by the equalities 

(3.11) ~ at( i  ) -  ~ '  as(i , j )  = O, WoE'CUo 
iE w o ( i , j )E  w o 

where ~[/'o is the family o f a l l  sets o f  vertices o f  connected components o f  Gw. 
The facets o f  the cone are defined by the following inequalities 

(3.12) Zway(O-  ~_~ aI( i , j )  >- O, WE'/(, 
i (i, j )  E W 

where "/Ut is the family o f a l l  sets W ~ V~, which determine minimal nonempty oriented 
cuts (W, W) o f  Gw. 

Proof. The capacity of any arc of the net G,~(E) is equal to infinity, so that 
d(W, W)=0 or ~ for all Wc=Vw. The inequalities (3.10) for an empty cut (W, W) 
are equivalent to an equality of the type (3.11). Obviously, the family ~00 give us a 
minimal linearly independent system of such equalities. 

The inequalities in (3.10) for a nonempty cut (W, W) are nontrivial only 
if the cut is oriented or antioriented. The nontrivial part of  (3.10) for an oriented 
cut has the form (3.12). We can regard only the oriented cuts since (3.10) for an 
antioriented cut (W, W) is equivalent to (3.12) for the oriented cut ( W, W) minus 
the equality (3.11) for Wo = Vw. But again, the family ~1~ provide a minimal linearly 
independent system of such inequalities. | 

Consider in details two special cases. Let E = E ,  at first. The graph 
G(V, E,)=Kg r has two arcs [i,j] and [j, i] for every pair (i,j) of vertices. Note, 
that G~(E,) is connected. Therefore ~r in this case. According to (3.5) 
the equality (3.11) for Wo=Vw has the form f (V)=0 .  A cut (Ww, V - W )  is a 
minimal oriented cut of  G~(E,) if either W = V ~ - ( i , j ) ,  or W = S U S  ~" for So=V, 
S2c=v z, Sr  V. By (3.12) these cuts provide facets of the cone ~0(V, E,) (up to 
the equality (3.11) for W0=V~) of the form 

af( i , j )  ~_ O, ( i , j )EV 2, ~ a f ( i ) -  Z as(i,J) >= o, s c= V. 
iEs  ( i , j ) e s s  

Thus, using (3.5) we obtain from Proposition 3.1. 

Theorem 3.2. The cone ~o(V, E,) o f  cut functions over the complete graph K~ ~ 
lies in the space Do(V), which is the intersection o f  the space D(V) defined by (3.8) 
with the hyperplane f (V)=0 .  The facets o f  ~o(V, E,) are determined by the in- 
equalities 

f ( O + f ( j ) - - f ( i , j )  >= O, ( i , j )EV z 

(3.13) f ( S )  ~_ O, fJ ~ S ~: F. 

The cone ~0(l/', E,) is the intersection o f  the cone oK+ (V) o f  all nonnegative sub- 
modular functions with the space D0(F ). I 

To make sure that f is not in the cone ~0(V, E,), it is sufficient to point 
out a set S for which (3.8) or (3.13) is violated. This fact can be proved with using 
only polynomially many values of the function f. Therefore testing whether f belong 
to the cone ~0(V, E~) is in co-NP. (This fact was noted by referee.) 
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Now, consider the case E = E o ,  where exactly one arc from each pair of  
arcs [i,j] and [j ,  i] belongs to E0. The graph G(V, Eo) is a tournament.  In this 
case G,~(Eo) has n =  IVl components, each of  which is an oriented star with a source 
i for every iEV. By (3.11) these components define the n hyperplanes 

af (O-  Z af(i,j) = O, iEV. 
i :  [i, JlEEo 

The cone ~0(V, E0) lies the intersection of  these hyperplanes with the space 
D(V) defined by (3.8). The dimension o f  the intersection equals dim D(V)--n= 
=n(n-1)/2. The cone ~o(V, Eo) has n(n-1)/2 extreme rays wEt, s J for [i,j]EEo, 
which are linearly independent, since IE01 is equal to the dimension of  the intersec- 
tion. Thus we have 

Theorem 3.3. The cone ~o(V, Eo) of cut functions over the tournament G(V, Eo) 
lies in the space defined by the equations (3.8) and the equations 

(d~-  1)f( i )  = ~ ( f ( i , j ) - f ( j ) ) ,  iEV, 

(d~ is the outdegree of the vertex i in the tournament G(V, Eo)). 
The facets of ~o(V, Eo) are described by the n(n-1)/2 inequalities 

f ( i)  + f ( j ) - f ( i ,  y) ~_ 0, 

which are determined by one-vertex cuts (Vw-(i,j), (i,j)) of G~(Eo). ] 

The cone ~ ( V , E )  of  symmetric cut functions is considered below in 
Section 4. 

4. Cut functions induced by a hypergraph 

Let H(V, E)  be a hypergraph with a vertex set V and a hyperedge set E= {A}, 
A~V. Each edge AEE has a nonnegative weight c a. Every subset Xc=V deter- 
mines a cut o f  H. Edges of  the cut X are those AEE for which ANX#O and 
ANX~O. The sum of  the weights o f  the edges of  the cut X is a value on X of  a 
symmetric submodular cut function 3':. Thus 

f (X)  = Z cawx(X) 
AEE 

where wa is an elementary cut function, such that 

{~ if A N X # O ,  A N ' X # O ,  
wa (X) = otherwise. 

Using (2.2), it is not  difficult to see that  the function wa is the symmetriza- 
tion of  q~, i.e. 

wa (X) = qA (X) + qA ( X ) -  q,t (V). 

Let us introduce the new functions ~A(X)=qx(X)-qa(V), A#O. We have 
wA=qA+qa and 

~x(X) = otherwise. 
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Let 5~ n=lV[, be the space of all symmetric set functions f 
such that f(X)=f('X) for all Xc=V and f (0 )=0 .  Call a set Ac=V even i fA  is a 
nonempty set of even cardinality. 

T h e o r e m  4.1. The functions w ~ for all even A c=V are linearly independent and con- 
sittute a basis of the space Se(V). 

Proof. Consider the following alternating sum 

ay(S) = ~ '  ( -1) l r l+lf (T) .  
Tc=S 

Let an(S) be a:(S) for f=wa. Using (2.4) and by direct calculation, it can be 
shown that 

2 '  (-- 1)lXl r2a(X) = (-- 1)l 'q+~( A, B), 
X~=B 

{-10 if Be=A, B~O,  
"~ ( -  1)XqA(X) = otherwise X N B  

for A#0 .  Therefore we have 
{! if B C A ,  B # O , A  

(4.3) ax(B)= Z(-1)lXl+lwa( X )=  if B = A  and A is even 
x~n otherwise. 

The functions aa for even A are linearly independent, since by (4.3) aa (B)=0  
for IBI->IAI, A~B,  and aa(A)=2. As the alternating transformation f-+a: is 
nondegenerate, the functions wa are linearly independent, too. There are 2 n -x -  1 
different functions wa for even A. Since d imAa(n)=2~- l -1  and wACS~(n), we 
are done. l 

We now consider only uniform hypergraph H(V, E2k) such that E~,= 
={Ac:-V: IAl=2k} and k is a positive integer. Let W={wA(B): A~E2k, Be=V} 

(2k~ 
be a In J• matrix whose A-row is a set of  values of  the function wa on all 

Bc=V. We set m=2k below. Let We be a square submatrix of  W constituted by 
columns of W related to BEEm. Note that We is a (0, 1)-matrix whose (A, B)- 
element is Wo(A,B)=w(t) ,  where t---IAf-lB I is integer O<=t~_m, w(0)=w(m)=0 
and w ( t ) = l  if l~_tN--1. 

Lemma 4.2. The matrix We is nonsingular (if  n#2m) and W6-1(A, B)=v(]AAB]), 
where v(t) for t integer, 0 ~- t~= m, is determined by the following system of equations 

(4.4) 

t_~ov(t)(t) [n -m+i )  [ m--t J +v(m- i )=v~ 

" 

Z v(t) t m--t  = Vo" 
l=O 

O<-i<m= 

Proof. By a symmetry, we can set W~I(A, B)=v(t), where t=lAfqBl. We have 
1-Wo(A,B)=I if B ~ A  or B_____4 and 1-Wo(A,B)=O otherwise. Hence for 



CONES OF CUT FUNCTIONS ~ 9  

A, BEE,. 

6(]Af')Bl, m)= 6(A,B)= ~ Wo(A,C)VVo-z(C,B)= ~ v([CNBI)- 
C E E  m C E 8  m 

- ~ X v( lCnBI) = 2,  v(iCnBt)-v(IAnBI)- Z v(ICth~l). 
c =,lV..t, c E ~ , .  c ~ E , .  c ~ . I .  c E E,,, 

(Ib m) Setting ICNBI=t, IAABI=m-i ,  vo= Z v(ICNBI)=.~ t m--t  v(t), we 
c,E ~',,, t=o  

obtain (4.4). 
We show that the system (4.4) nondegenerate for even m. We multiply the 

i-th equality by ovo  , .o  ,o,o.va, a n d  introduce 
t 

new unknowns u ( t ) =  ~(-1)'(t,]v(l): We use two identities 
i=o k'] 

k n 

l = o  I,m + k) = z = o  

This alternating transformation converts the system (4.4) to the following trian- 
gular form 

~ a ( t , q ) u ( q ) = - l ,  0~_ t~_m,  
IJ=g 

where 

(;:/[ 0,1 ("~ a( t ,q )=(-1)q  1 -  m--q 6(t, + m-- t  O(t,q), O~_t~_q<-m. 

The diagonal coefficients a(t, t), O~_t~_m-1, are different from zero if 
n~2m. Since a(rn, m ) = l + ( - 1 ) , . ,  the system (4.4) is not degenerate only if m 
is even and n~2m. II 

Let D=(V) be the subspaee of 5~(V) spanned by wa, AEEm, for even 
m=2k. 

Theorem 4,3. The space D,.(V) for even m is determined by the linear equalities 

(4.5) f (B)  = ~ u(b, t) z~ f(A),  B S V,, BCEm, 
t = 0  A E B  m ,  I A N B [ = t  

where b =IB[, and 

a=0 n - q  t b - q  m--t  ,46, (ql(m q)-( . 
with u (q) from the proof of  Lemma 4.2. 

Proof, We have f =  Z caw,* for fED,.(V), or f=cW. In particular fo=eWo, 
A E E  m 

where j~ is a restriction o f f  onto the family E~. By Lemma 4.2, the matrix W0 is 
nonsingular for even m, so we have c =fo W~ -z. Thus f=fo W~ 1W. We set u(B, A) = 
= Z WffZ( A, C)W(C, B), so that f ( B ) =  z~ u(B, A)f(A). We have u(B, A)= 

CEE m AEEm 
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= ~ v(IAfqCI)- c Z v(lA0Cl). If we denote ]AfqCI=I, IANBI=t, 
CEEm C=BVB, CEEm 

[B[=b, IVl=n, so that I A f q B l : m - t ,  and set v(1)= ~ ( - 1 )  u(q) we can 
q=O 

set u(B,A)=u(b,t),  where u(b , t ) i s  given by(4.6) with [ ; J = 0  for b>a. [ 

Remark 4.4. It is easy to verify that u(n-b,  m- t )=u(b ,  t), and therefore f ( B ) =  
=f(B).  

Let ~m(V)={fESP(V): f =  ~ CAWA, C~->-0} be the cone spanned by the 
A E E  m 

functions wa, AEEm. 

Theorem 4.5. The cone ~m(V) for even m spans the space D,,(V). The facets of the 
cone ~m(V) are described by the inequalities 

(4.7) ~ v(t) ft, f (B) >: 0 for all AEEm, 
t = 0  BEE m, [BNA[ = t  

which are equivalent (up to the the equalities (4.5)) to the following alternating in- 
equalities 
(4.8) ~ '  ( -1 ) l r l f (T)  ~ 0 for all AEEm. 

T~=A 

Proof. In the basis wa, the cone N~k(V) is determined by the inequalities ca->0 fo r 
AEE2~. The proof of Theorem4.3 implies that ca=  Z f (B)Wol(B,A)  = 

B E E2~: 
2k 

= ~ v ( t )  ~n f(B). Hence the inequalities ca_~0 are equivalent to the 
t = 0  BEE, k, IBt A l = t  

inequalities (4.7). 
Alternating the equality .f=z~ CAWA we obtain ay(T)= z~ cAaa(T). Since 

by (4.3) aA(B)=25(A,B) for A, BEE2~, as(A)=2cA for AEEzk. Thus, the in- 
equalities cA@0 have the form ay(A)>=O for AEE2k. Using (4.2), we obtain 
(4.8). | 
Remark 4.6. For m=2k=const Theorems4.3 and 4.5 provide a co-NP description 
of the cone ~m(V). 

Note that the inequalities (4.8) for AEE2=V 2 have the form f ( i ) + f ( j ) -  
- f ( i , j )~O for (i,j)EV 2. Thus, if a submodular set function lies in the space 
D2(V) then it is a cut function. Using an explicite expression for u(b, t) with m=2, 
we obtain 

Corollary 4.7. The cone ~2(V) of graphic cut functions is the intersection of  the 
space D2 with the cone ~(V) o fal l  submodular set functions. The space D2(V) is defined 
by tire equations 

f (B)  = (n-- 2)-~(n-- 4) -~ X 

X(/~(~--2) ~ '  f ( i , j ) + b ( b - 2 )  z~ f ( i , j ) - ( b - 2 ) ( ~ - 2 )  ~ f ( i , j ) )  
(i, j)c=B ff, j):=ll iE n, j~ l l  

where b=lBI, B=n-b=lBI.  The facets of  N2(V) are defined by the inequalities 

f ( i ) + f ( j ) - f ( i , j )  >- O, (i,j)EV ~. I 
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5. The cone of functions of cuts separating two fixed vertices in a hypergraph 

s and 

graph 
Xc_V. 
rating 

Let H'(V', E) be a hypergraph on the set V'=VU{s,  t}, where a source 
a sink t do not belong to V. Let f ' =  2 '  cawa be a cut function of  the hyper- 

AeE 
H'. We consider a restriction o f f '  onto sets of  the form {s}UX, where 
We set f (X)=f ' ( sUX)  for all X ~ V  and e a l l f a  function of cuts sepa- 

the source s and the sink t. 
As for Xc=V, Ac=V ", qa of (2.2) and r of(4.1), it is valid 

~1 if A~s ~0 if A~t 
qa ( sUX)  = [ q a _ , ( X )  i f  A~s, ~IA(sUX) = [ ~ a _ s ( X )  if A~t, 

we have 

[qa-t(X) if Abs, A~t 
(5.1) wa(sUX)=qa(sUX)+[1a(sUX)=[I+~Ia_,(X ) if A3s, Abt. 

Therefore the function f has the form 

f =  Z c a +  Z caqa-s+  Z caqa-,+ Z cawa. 
Ags A3a, A~t A~s,A~I A~sdt 

Obviously f belongs to the cone 

= f =  co+ Z (aA A+b.qa), aA, ba 0 } .  
ASV, a~a 

Note, the cone ~(V)  is the subeone of the cone c~(V) of all submodular functions 
and contains the space {f." f = c o +  2 c~q~, ciCR } of all modular functions, since 

iEV 
q~=-qi.  Besides ~(V)  contains the alternating cone ~r 

Theorem 5.1. Every fC~(V) is up to a constant a function of  cuts separating s and t 
in a hypergraph H'(V',E), where V '=VU{s,  t}. 

Proof. Let f =  ~ (aa~tA+baqa)+co. Set ca=min (as, ba), El={AC=V: as>ca}, 
A~V 

Ez={Ac=v: ba>ca} and E q={Ac=V: ca>0  }. 
According to (5.1), f c a n  be represented in the form 

f (X )  = Z (aa--ca)(Waus(sO X)-- 1)+ 
a~et 

+ Z (ba--ca)w~u,(sUX)+ Z cawAsUX)+Co 
a c e t  a c e  t 

where Xc=V. This is up to the constant c o -  ~ ( aa - ca )  the function of cuts 
AEE t 

separating s and t in the hypergraph H(V',E),  where E=E~UE~UEs and 
E l = { A I , . J s  -" a ~ E 1 }  , E2:{A~Jt:  A~e$}. I 

Theorem 5.2. There is a netflow algorithm for the minimization of a submodular set 
function of  the cone ~ (V). 

Proof. Let f = c o +  2 aa~/a+ 2 bBqnE~(V). Note, that by (2.2) and (4.1), 
acz~ Bce~ 
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f ( X ) = c o -  ~ '  a a +  2 '  bB for Xc_V. We construct a bipartite net- 
AEI~I, AC=X BEEt, BNX~IJ 

work N~. such that finite capacities of  cuts separating a source and a sink of  the 
network Nf  coincide up to a constant with values o f f  on all X ~ V .  

Let  E1 and Ez be two parts of  a vertex set of  a bipartite port ion of  the net 
N$. The vertices AEEa and BEE2 are adjacent in the graph N s iff AMB#O. 
The capacity o f  the arc [A, B] is equal to infinity. The source s o f  the network 
N s is adjacent to every vertex AEE1 by an arc [s, A] o f  the capacity aa.  The sink t 
is adjacent to every vertex BEE2 by an arc [B, t] of  the capacity b B. 

The set of  vertices {s}UE~UE~ determines a cut of  the network N$ of 
af in i tecapaci ty  Z aa+ ~ bB iff A'fqB'=O foraU A'EE~ and B'CEa--E~. 

ac~-E~ B~E; 
Hence there is a set Xc=V such that A'c=X for  all A'EE~ and B'c=X for all 
B'EEz--E~. On the other hand, every X ~ V  determine a finite cut of  the above 
type with E~={AEEI: At=X} and E6=Ez--{BEEz: Be=X}. The capacity of 
the cut is 

2 aa+ 2 bn= 2 aa-- ~ aa+ 2 bB= 2 aa--co+f(X). 
AEEI--~tt BEEt AEEI Ac=X B: BNX#o As x 

It  follows that a value of  a maximum flow in the network Ny is equal to min f(X) 
x~v 

up to the constant Z aA-Co, l 
a~Ex 
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