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We describe facets of the cones of alternating set functions and cut submodular set func-
tions generated by directed and undirected graphs and by uniform even hypergraphs. This answers
a question asked by L. Lovasz at the Bonn Mathematical Programming Conference in 1982. We
show that there is a network flow algorithm for minimizing a hypergraph cut set function.

1. Intfroduction

On the Bonn Mathematical Programming Conference 1982 L. Lovész [4]
asks for the valid inequalities for the cone of cut submodular set functions. If G
is a directed graph with arcs [f,j] having nonnegative weights c[i, /], the cut set
function f generated by G has the value f(S)= Z’e c[i,j1 on a subset S of the

i€S, j&s
vertex set ¥V of G. If the weights c[i,j] are symmegric, cli, /1=clj, i] for all arcs
[i,7], then fis a symmetric cut function of an undirected graph.

The polyhedral cone %Z,(V) of cut functions lies in the finite dimensional
space RB of all set functions defined on the family #(¥)=2" of all subsets of
a set V. Extreme rays of 2,(V') are functions wy; ;; generated by graphs with only
one arc [7,j] of unit weight.

We show that #,(V) is the intersection of the cone €., (V) of all nonnegative
submodular functions with the space D,(V)SR#(") spanned by all vectors wy, ;.
The cone #,(V)SZ,(FV) of symmetric cut functions is the intersection of the
cone € (V') of all submodular functions with the space D,(V)SDy(V) spanned by
vectors w; ;=wy, Wy, a-

Where £,(V) is a cone of cut functions generated by cuts of a complete
uniform m-hypergraph, and extreme ray w, of the cone is generated by a hyper-
graph with only one edge 4 of the cardinality |A]=m. The dimension of the space
Dy (V) spanned by £,,(V) with m=2k is equal to the number of all extreme rays
of the cone Z,,(V).

The space Dy (V) for k=0 lies in the intersection of hyperplanes defined
by alternating equalities. The facets of the cones %y (V) for k=0 are defined by
alternating inequalities. This is due to the fact that the function w, for a nonempty
A&V is a symmetrization of a monotone submodular (0, 1)-function ¢, which is
an extreme ray of the cone &/ (V) of alternating set functions. The cone (V)
was stodied by G. Choquet [1].

AMS subject classification (1980): 52 A 25, 05 B 35, 05 C 99
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Here we give all facets of the cones &/ (V) and Z,, (V) for k=0 and show
that the cones %y, (V )for a fixed k=0 have a co-NP description.

In the last section we consider some functions of cuts separating two specified
vertices of a hypergraph. We show that there is a network flow algorithm for mini-
mizing such a function.

In what follows we denote ¥ —X by X and the cardinality of X by |X]|.

2. Alternating functions

G. Choquet [1] introduced an alternating operator D¥ on a set function
fERAM (also, see [5])

Di(X, 4y i€8) = _F (~1)TA(XU ),

where X and A4, (i€S) ate subsets of ¥, A(T)= |J 4,, A(B)=H, and S is an arbi-
i€ET

trary finite index set of the cardinality [S|=*k.
A set function f'is called k-alternating if Df(X, 4;: i€S)=0 for all XSV
and all k-families {4;: i¢ S}, |S|=k=0, i.e. if

2.1) ZENTEUAD) = 0.

A function fis called alternating if f'is k-alternating for all k=>0. The cone <7, (V)
of alternating functions with f(#)=0 is determined by the inequalities (2.1) for all
XSV and for all families {4;: i€ S}, S=0, and by the equality f(0)=0.

- A function fis 1-alternating iff / is monotone, fis 2-alternating iff f is mo-
notone and submodular. Hence &,(V) is a subcone of the %,(V) of monotone
submodular functions with f(0)=0.

G. Choquet notes that if fco/,(F) and there are subsets 4, B&¥V such that
0#f(A)<f(B) then f=fi+f, where fi(X)=f(XUA)—f(4) and f,(X)=f(X)+
+/f(A)—f(XU A4). Tt is not difficult to verify that £, L€ (V), £ and £, are not
in proportion (since f;(4)=0f(4A)=f.(4)) and are non-zero functions (f;(B)=
=f(BUA)—f(A)=f(B)—f(4)>0). Therefore every function lying on an extreme
ray of «/,(V') can have only one non-zero value, i.e. these functions are (0, 1)-func-
tions up to a multiple. )

Every (0, 1)-function f€%,(V) is determined by its upper zero B=
U{XESV: f(X)=0}. Letgqcbeasuch a function with upper zero B=V—-C=C, i..

¥ 1 if XNC =6

Let 8(4, B)=0, if A=B, and §(4,B)=1 if A=B.
Lemma 2.1. The functions qc belong to the cone 4,(V'), and
(2.3)

Dgc(Xs A4;: 1€8) = Tg's(—- l)lquc(XUA(T)) — {_5(TC, <0 if XcC

0 otherwise

where Te=S—U{TES: XUA(T)EC}.
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Proof. By (2.2), it is easy to see that qc(X¥UA(T))=1 if XEC and (XU A(T))=
=qr.(T), where g, €%,(S), if XSC. Hence, for S=8 we have

S (=DITlge(XUAT) = S (=TI =0
T=S 7SS

if X&C, and = 3 (=DVgr ()= Z (-HiT— ZT'(—I)'T'=—5(7_?:, 9)=
TES TES TETe
= _6(TCa S) I

_ We use (2.3) for =SSV, X=5 and A4;={i}. In the case, XS C means
SEC, and To,=S means S=C. Hence we have

24) 2.C DITge(SUT) =—6(C, S).

—

It follows that the 2"—1 functions g, for AZV, A0, constitute a basis
of the space Ry of all set functions f: #(¥)~R with f(6)=0. Letf= 3 g (A)q,
4

be the representation of fER§’ in the basis {g,). Using (2.4) we can find coeffi-
cients g,:

23) grd)y= Z (D AUB) = 3 (-1)B-A+1f(B).
BSA ASBEY

Theorem 2.2. The cone ,(V') of alternating functions has 2"—1, n=|V|, extreme
rays, which are all 2"—1 functions q,4 for 0=ACV. The facets of the cone s4y(V)
are defined by the 2"—1 inequalities

(2.6) > (NPAfB =0, V=ACY,

ACBSV
which are equivalent to all the inequalities (2.1) for f with f(9)=0.

Proof. It was shown in [3] that every function g, is an extreme ray of the cone
% (V)24,(V). Recall that every (0, 1)-function f€%,(VV) coincides with one of
q.4’s. Therefore, according to the above Choquet remark and Lemma 2.1, ¢, are
extreme rays of .4,(V) and there are no other extreme rays. Since fes/,(V) iff
g,(A)=0 for all 4, by (2.5) we obtain that (2.6) are facets of o/, (V).

3, Cut functions of a directed graph

Recall that a set function fER#(") is called a cut function if there are non-
negative weights ¢[i, j/] of arcs [i,/] of a complete directed graph Ko with a vertex
set ¥, |V|=n, such that for XSV and X=V-X

€AY JX)= 2 clijl

icX,jeX

The cut functions are submodular and compose a polyhedral cone Zy(V)<S
ER2M, If the weights c[i,j] are symmetric, i.e. if c[i,j]=c[j, 7] then so is f,
that is f(X)=f(X) for all XSV. The symmetric functions constitute a subcone
R,(V)SZRy(V) of cut functions of an undirected complete graph K,,. The cut func-
tions with c[i, /10 only for [i,j/J€ECE, (E, is the set of all arcs of K%) con-
stitute a cone Zy(V, E)SR,(V)=R(V, E,) of functions generated by a graph



24 V. P. GRISHUHIN

GV, E). Thecone #,(V, E)S#,(¥V) of symmetric functions is defined analogously,
with ESV?, where V2 is the set of all unordered pairs (7,j) of elements of ¥,

r-().

Let wy;, ;; be a cut function related to a graph with only one arc [i, /] of unite
weight ¢[i,j]=1, such that

- 1 if ieX, jeX

Wi n(X) = 0 otherwise.

Since every cut function can be represented as

(3'2) f(X) = i %Ec[i’j]w[i,j](X): C[i,j] = O: X g I’,
3sJ.

wy;, j are extreme rays of the cone Z,(V, E).
It is not difficult to verify that

Wi, = 49i,;—9is

where g; ; and g; are g, of the preceding section for A={i,j} and {i}.
Extreme rays of the cone of symmetric cut functions are the functions

Wiy = W n+Wa = 2¢;;— 4i—q;-

Obviously the cones Z,(V) and #,(V) lic in a subspace Dy (V) SR
spanned by vectors wy; ;;. The subspace D, (V') lies in a subspace spanned by vectors
g, €V, and q,;;, (I,7)éV2 This last subspace is determined by the equations
gs(4)=0 for |A|=3, where g,(4)is given in (2.5). Recall, g(4) is the g --coordinate
of a vector fERZ® in the g-basis. Below we give a co-NP description of
the space D,. :

We apply to g; ; and q; Lemma 2.1 for X=0 and for a family {4;: icS}
of disjoint sets A;. It is easy to see, that if |S|=3 then for every pair (i, j)€F?
there is a set 4,, k€S, such that A4, SV —{i, j}. It follows that cut functions sat-
isfy the equality

(3.3) Tg; DITfAT) =0, |S]=3.

These equalities for |S|=3 were found by W. Cunningham [2]. Since for any cut
function f(#)=0, (3.3) is valid for S=0.
Consider the equalities (3.3) for one-element sets 4; and define functions

B4 ag(8) =— 2 (- DITF(T).
In particular, -
(35 a;(D =10, a;(,)) =FO+fD—fC I

and according to (3.3) a,(S)=0 for |S|=3.
The linear transformation f—a; is lower triangular and nondegenerate.
Hence the hyperplanes

(3.6) a;(8)=0, SCV, |S|=3 and S=9

are linear independent and their intersection is a subspace D(¥) of RZ™ of the
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dimension n+n(n—1)/2=n(n+1)/2. Applying Mobius inversion to (3.4) and using
(3.6) we obtain

(EX)) f8)==Z (D'Ma,(T) = Fa;@)— 5 as{,J).
7SS €3 ahest
According to (3.5), this expression in f-coordinates has the form

@8 = Z fG.N-ASI-2) 2 f@), SV, IS[=3, f(® =0.
G, N)es H

(3.7) is a representation of a function f¢D(¥) in the coordinates a(i), i€V,
and a(,j), (i, /))€V?, which are the values of the function a, on one- and two-
element sets. The a-coordinates of the functions wy, ;; are easy to compute

ap =1, agu) =0 if k=i,
a0, J) = agn(hj) =1, agplk,m) =0 if (k,m) = (i, ).

Let 4" be a n(n+1)/2X|E| matrix with elements ay; ;;(k) for k€V and
—ay, n(k, m) for (k,m)eV?, all [i,jlcE. The matrix A’ is an incidence matrix
of the following bipartite graph G,,(E) with arc set E. The vertex set of G,,(E) is
aset ¥V,=VUV? with a partition ¥ and V2 An arc [i,j] connects a vertex i€V
with a vertex (7,7)€¥? and is directed from i to (i,j). The degree of a vertex
(#,/)eV? in G, (E) is less than or equal to 2.

Alternating (3.2) we obtain a,(T)= 2 cli,jlay, 5(T). Taking into account

. J1€E

(3.6) we can this write down as
(3.9) a=4Ac, ¢c=0,

where a; is a n(n+1)/2-vector of the space D(V) with coordinates a;(i)=a,({) and
ap(i, j)=—as(@i, j). The system (3.9) has the following explicite form

af(i)= Z C[i’j]’ af(isj) = (.‘[i,j]+C[j, i]’ C[i,_]] =0, [l’]]EE'
JihJIEE

This system regarded as a system of equalities and inequalities with unknown c[Z, j]
is a supply-demand problem on the bipartite graph G, (E) with the supplies a,(7),
i€V, the demands a,(i,f), (i, /)€ V2, and with infinite capacities of the arcs [7, /]€E.
The facets of the cone (3.9) define a minimal set of necessary and sufficient con-
ditions that this problem has a solution for a given vector a;. It is well known that
these conditions have the form

(3.10) AR a®= > aG,)) = dO%, W),

where WZV,,, W=V, ,—W, and d(W, W) is the capacity of the cut (W, W).

A cut (W, W) is considered as a set of arcs having one end in # and another
end in W. The capacity d(W, W) of the cut (W, W) is the sum of capacities of
those arcs of the cut, which are directed from W to W. A cut is called empty if the
set of its arcs is empty. A cut (W, W) is called oriented (antioriented) if all its arcs
are directed from W to W (from W to W, respectively). An empty cut is simulta-
neously oriented and antioriented. A cut of the graph G, is called minimal if deleting
of its arcs increases the number of connected components of G,, by exactly one,



26 V. P. GRISHUHIN

Proposition 3.1. The cone (3.9) lies in a subspace of the space D(V'). This subspace
is defined by the equalities
(3.11) 2 a)— 5 a;(i,j)=0, WeH
ieW, (LDEW,
where W, is the family of all sets of vertices of connected components of G.,.
The facets of the cone are defined by the following inequalities
3.12) Sa;i)— 3 ap,))=0, We,
€W a.hew
where W is the family of all sets W SV,,, which determine minimal nonempty oriented
cuts (W, W) of G,,.

Proof. The capacity of any arc of the net G, (E) is equal to infinity, so that
d(W, W)=0 or  for all W <V,,. Theinequalities (3.10) for an empty cut (W, W)
are equivalent to an equality of the type (3.11). Obviously, the family #; give us a
minimal linearly independent system of such equalities.

The inequalities in (3.10) for a nonempty cut (W, W) are nontrivial only
if the cnt is oriented or antioriented. The nontrivial part of (3.10) for an oriented
cut has the form (3.12). We can regard only the oriented cuts since (3.10) for an
antioriented cut (W, W) is equivalent to (3.12) for the oriented cut (W, W) minus
the equality (3.11) for W,=V,,. But again, the family #] provide a minimal linearly
independent system of such inequalities. [

Consider in details two special cases. Let E=E, at first. The graph
G(V, E,)=K has two arcs [i,j] and [, ] for every pair (3,7} of vertices. Note,
that G,(E,) is connected. Therefore #;={V,} in this case. According to (3.5)
the equality (3.11) for Wy=V,, has the form f(¥)=0. A cut (W,,V—-W) isa
minimal oriented cut of G, (E,) if either W=V ,—({,j), or W=85US? for SCV,
S2Cy2, S0, V. By (3.12) these cuts provide facets of the cone %,(V, E,) (up to
the equality (3.11) for W,=V¥,,) of the form

af(isj)éoi (l.,_])éVz, Z’af(i)— Z af(iaj)zos SgV
icS (i, Nes?

Thus, using (3.5) we obtain from Proposition 3.1.

Theorem 3.2, The cone Ry(V,E,) of cut functions over the complete graph KY
lies in the space Dy(V'), which is the intersection of the space D(V') defined by (3.8)
with the hyperplane f(V)=0. The facets of #,(V, E,) are determined by the in-

equalities
fO+fD=fGN =0, @ )eV?
(3.13) f(& =0, 0=SEV.

The cone Ry(V, E,) is the intersection of the cone €. (V) of all nonnegative sub-
modular functions with the space Dy(V'). |

To make sure that f is not in the cone %#,(V, E,), it is sufficient to point
out a set S for which (3.8) or (3.13) is violated. This fact can be proved with using
only polynomially many values of the function f. Therefore testing whether £ belong
to the cone %,(V, E,) is in co-NP. (This fact was noted by referee.)
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Now, consider the case E—=E,, where exactly one arc from each pair of
arcs [i,7j] and [j,i] belongs to E,. The graph G(¥V, E,) is a tournament. In this
case G,,(Ey) has n=|V| components, each of which is an oriented star with a source
i for every icV. By (3.11) these components define the n hyperplanes

40— 3 a;(,))=0, icV.

I l':j]eEo

The cone #,(V, E,) lies the intersection of these hyperplanes with the space
D(V) defined by (3.8). The dimension of the intersection equals dim D(V)—n=
=n(n—1)/2. The cone %,(V, E,) has n(n—1)/2 extreme rays wy, j for [i, /]€E,,
which are linearly independent, since |E,| is equal to the dimension of the intersec-
tion. Thus we have

Theorem 3.3. The cone R,(V, E,) of cut functions over the tournament G(V, Ey)
lies in the space defined by the equations (3.8) and the equations

@G-DfO = 2 (fG.H-f()) W
3 W TeE,

(d; is the outdegree of the vertex i in the tournament G(V, Ey)).
The facets of RV, Ey) are described by the n(n—1)[2 inequalities

JO+(G)—-rG.) =0,
which are determined by one-vertex cuts (V,,—(i, /), (i, 7)) of G(Eo)-
The cone Z,(V,E) of symmetric cut functions is considered below in
Section 4.

4. Cut functions induced by a hypergraph

Let H(V, E) be a hypergraph with a vertex set ¥ and a hyperedge set E={4},
AZV. Each edge ACE has a nonnegative weight ¢,. Every subset XCV deter-
mines a cut of H. Edges of the cut X are those A¢E for which ANX=0 and
ANX#0. The sum of the weights of the edges of the cut X is a value on X of a
symmetric submodular cut function /. Thus

F(X)= 2 cawalX)
ACE
where w, is an elementary cut function, such that

- 1 if ANX =0, ANX =6,
Wa(X) = 0 otherwise.
Using (2.2), it is not difficult to see that the function w, is the symmetriza-
tion of g4, i.e. _
Wa(X) = qu(X)+q4(X)—qa(V).

Let us introduce the new functions §4(X)=q.(X)—qg.(V), A=0. We have
wa=q4+q4 and
1 if X2 4
0 otherwise.

@m=f



28 V. P. GRISHUHIN

Let #(V)=%(n), n=|V|, be the space of all symmetric set functions f
such that f(X)=f(X) for all YE&V and f(#)=0. Callaset A4SV evenif Aisa
nonempty set of even cardinality.

Theorem 4.1, The functions w4 for all even ASV are linearly independent and con-
sittute a basis of the space & (V).

Proof. Consider the following alternating sum
ap(S) = > (=DITH1(T).
TCs

Let a,(S) be a;(S) for f=w,. Using (2.4) and by direct calculation, it can be
shown that

2 (DX g, X) = (-1)4i+15(4, B),

XCn

. —1 if BS 4, B9,
0@ =y
XCB

otherwise

for A=0. Therefore we have
1 if BS 4, B#06,4
43) aB= Z DXy, (X)=12 if B=A and A iseven
xSh 0 otherwi
otherwise.

The functions a, for even A are linearly independent, since by (4.3) a,(B)=0
for |B|=|4|, A#B, and a,(4)=2. As the alternating transformation f-a; is
nondegenerate, the functions w, are linearly independent, too. There are 2"—1—1
different functions w, for even A. Since dim & (n)=2"-*—1 and w,€% (n), we
are done. |

We now coﬁsider only uniform hypergraph H(V, E,) such that E, =
={AEV: |4|=2k} and k is a positive integer. Let W={w,(B): A€Ey, BEV}
be a 2: ]X 2" matrix whose 4-row is a set of values of the function w, on all
BCSV. We set m=2k below. Let W, be a square submatrix of W constituted by
columns of W related to B€E,. Note that W, is a (0, 1)-matrix whose (4, B)-
element is Wy(A4, B)=w(t), where t=]4NB| isinteger 0=r=m, w(0)=w(m)=0
and w(f)=1 if 1=¢r=—1.

Lemma 4.2. The matrix W is nonsingular (if n=2m} and Wil(4, B)=v(|ANB]),
where v(t) for t integer, 0=t=m, is determined by the following system of equations

'_Zo'v(t)[](n m+l]+v(m—-z)—v0 53,0, 0=si=m
Z'v(t)[ )(n m)-_vo.

Proof. By a symmetry, we can set Wg(4, B)=v(t), where t=|4NB|. We have
1-Wo(4,B)=1 if B4 or BCA and 1—-Wgy(4, B)=0 otherwise. Hence for

4.4)
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A, BCE,,
6(JANBl,m) = 6(4,B) = 5 Wy(4, O)W;*(C, B) = v(ICN B~

CEE CEE,,

m

- 3 o(CNB)= 3 v(CNB)—v(ANB)— 3 o(CNB.
CSAVA, CCE, CEE,, CCA. CEE,
Setting |CNBI=+, |4NBl=m—i, v= 5 o(CNB])= 2( ][ ]u(t) we
CCE,

obtain (4.4).
We show that the system (4.4) nondegenerate for even m. We multiply the

i-th equality by (—-l)i(q), sum by i over the interval 0=i=g, and introduce

new unknowns u(t)= 2’( 1)'( )v(l).‘ We use two identities

i=0

Stk =) =a 50670 -6)

This alternating transformation converts the system (4.4) to the following trian-
gular form

Zm'a(t,Q)u(Q) =—1, O0=t=m,
q=t
where

a(t,q) = (=1)° [';::][1—(:::31]5(” 0)}+["',;1”1 ; ‘) 5(t,g), Ost=qg=m.

The diagonal coefficients a(t, t), 0=t=m—1, are different from zero if
n#2m. Since a(m,m)=1+4+(—1)", the system (4.4) is not degenerate only if m
is even and n=2m. |}

Let D, (V) be the subspace of (V) spanned by w,, A€E,, for even
m=2k.

Theorem 4.3, The space D, (V) for even m is determined by the linear equalities
(45) f(B) = Zu(b’ ] 2 f(4), BSYV, B¢E,,

=0 A€E,,, TANB|=t
where b=|B|, and

@6 ub,n= 3 (1) [[Z’] -Gy~ (") "]]

with u(q) from the proof of Lemma 4.2.
Proof. We have f= Z’ cawy for feD,(V), or f=cW. In particular fo=cW,,

where f, is a restrlctlon of £ onto the family E,,. By Lemma 4.2, the matrix W, is

nonsingular for even m, so we have c=f,W ;™ Thus F=fWgiW. We set u(B, A)=

= > W4, C)W(C, B), sothat f(B)= 2 u(B, A)f(A). We have u(B, A)=
AEE,

C€E,
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= 3 v(|ANCPD— 3  o(ANC]). If we denote |ANC|=l, |ANB|=t,
CEE,, CEBVBE,CEE,

“m

I

IB|=b, [V|=n, so that |ANB|=m—t, and set v(l)= 2(—1)[(;)1;@ we can
g=0

set u(B, A)=u(b, t), where u(b,t) is given by (4.6) with (z)=0 for b=a |

Remark 4.4. It is easy to verify that u(n—b, m—1t)=u(b, t), and therefore f(B)=
=f(B).

Let 2,(V)={fcS¥V): f= 2 c4Wa,c4=0} be the cone spanned by the
functions w,, ACE,,.

Theorem 4.5, The cone &.,,(V) for even m spans the space D, (V). The facets of the
cone R,(V') are described by the inequalities

@7 o) S f(B)=0 forall AcE,,
t=0 B€E,,, |BNA|=t

which are equivalent (up to the the equalities (4.5)) to the following alternating in-

equalities

(4.8) S(DTAT)Y=0 for all AEE,.
T4

Proof. In the basis w,, the cone %,,(V) is determined by the inequalities ¢,=0 foT
A€E,,. The proof of Theorem4.3 implies that c,= > f(B)W;iB, A=
BEE,y,
2k
= > o(t) z f(B). Hence the inequalities ¢,=0 are equivalent to the
t=0 BEE,,,|BNA|=t
inequalities (4.7).

Alternating the equality f= 3 c4w, we obtain a,(T)=_2 c4a,(T). Since
by (4.3) a,(B)=26(A4,B) for A, BCEy, a;(A)=2c, for A€E,. Thus, the in-
equalities ¢,=0 have the form a,(4)=0 for A€ FE,,. Using (4.2), we obtain
48). &

Remark 4.6, For m=2k=const Theorems 4. 3 and 4.5 provide a co-NP description
of the cone %, (V).

Note that the inequalities (4.8) for A€ E,=V? have the form SO+ -
—f(,/)=0 for (i,/)€V?2 Thus, if a submodular set function lies in the space
D, (V') then it is a cut function. Using an explicite expression for u(b, ) with m=2,
we obtain

Corollary 4.7. The cone R,(V') of graphic cut functions is the intersection of the
space Dy with the cone € (V') of all submodular set functions. The space Dy (V') is defined

by the equations
f(B)=m—-2)"*(n—4)~*X
X(b(®-2) 3 fG1)+bb=2) > fG)H)—0-205-2) Z fGJ)
G, NEB G, NSB icB, JEB
where b=|B|, b=n—b=|B|. The facets of R,(V) are defined by the inequalities
SO+fD—fGNH=0, G)Hev™ R
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5. The cone of functions of cuts separating two fixed vertices in a hypergraph
Let H'(V’, E) be a hypergraph on the set V’'=VU({s, ¢}, where a source
sand a sink ¢ do not belong to V. Let f'= 3 c,w, be a cut function of the hyper-
AEE

€
graph H’. We consider a restriction of f* onto sets of the form {s}UX, where
XSV, We set f(X)=f"(sUX) for all XSV and call fa function of cuts sepa-
rating the source s and the sink ¢.

As for XSV, ASV’, g, of (2.2) and g, of (4.1), it is valid
1 if A>ss 0 if At
w6Un =, " aye, WUD={ 0 4y
we have
G1) wesUX) = gu(sUX)+3.(UX) = {‘f‘:ﬁ)(g ;323:3;3:.
Therefore the function f has the form
f= 2’ Cat 2 chA—s+ 2 Cada~-e+ Z CaWy.

Ads, 4 Ps, A2t
Obviously f belongs to the cone

ZV) = {fERB(V) f= c'o'l' Z (aAQA'I'bAQA), ay, b= 0}

——- V,4

Note, the cone #(V) is the subcone of the cone % (¥) of all submodular functions
and contains the space {f: f=c,+ 2 ¢:q;, ¢i€R} of all modular functions, since

4;= —¢q;. Besides #(V') contains the alternatmg cone £, (V).

Theorem 5.1. Every fcR(V') is up to a constant a function of cuts separating s and t
in a hypergraph H'(V’, E), where V'=VU{s, t}.

Proof. Let f= Z’(aAqA+bAqA)+co Set ¢, =min (a4, b,), E;= {ACV a,>c4},
Ez—-{ACV bA>CA} and Ea-—{ACV C.A>0}
According to (5.1), f can be represented in the form
fX) = F (@a—c)(Waus(sUX)—1)+
A€E,
+ 2 (ba—cowaur(sUX)+ 3 cawa(sUX)+co
A€E, A€E,

where XSV, This is up to the constant ¢,— 2 (a,—c,) the function of cuts

A€E,
separating s and ¢ in the hypergraph H(V’, E)l, where E=E,UE,UE,; and
E;={AUs: A€E,}, Ej={AUt: 4€E,}.

Theorem 5.2. There is a netflow algorithm for the minimization of a submodular set
Junction of the cone (V).

Proof. Let f=cy+ > a,d,+ 2 bpqs€#(V). Note, that by (2.2) and (4.1),
A€E, BEE,
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fX)=co— 3 a,.+ 2> by for X&V. We construct a bipartite net-
ACE,, ASX BEE,,BNX+#g

work Ny such that finite capacities of cuts separating a source and a sink of the
network N, coincide up to a constant with values of fon all XSV.

Let E; and E, be two parts of a vertex set of a bipartite portion of the net
N;. The vertices A€E; and BEE, are adjacent in the graph N, iff ANB=0.
The capacity of the arc [A4, B] is equal to infinity. The source s of the network
N, is adjacent to every vertex A€E, by an arc [s, 4] of the capacity a,. The sink ¢
is adjacent to every vertex BEE, by an arc [B, t] of the capacity bg.

The set of vertices {s}UE;UE; determines a cut of the network N, of
afinite capacity 3 a,+ > bp iff A'NB’'=0 forall A’c¢E; and B’€E,—Ej.

ACE,—E; BeE,

Hence there is a set XSV such that A’CX for all A’€E; and B’CSX for all
B’¢E,—Ej;. On the other hand, every XCV determine a finite cut of the above
type with Ej={ACE,;: ASX} and Ej;=FE,—{B€E,: BEX}. The capacity of
the cut is

2 aat D bg= 3 as— 3 as+ 3 byg= 2 ar—co+f(X).
ASX A€E,

AEE,—F; BcE}, A€E, B: BNX#o
It follows that a value of a maximum flow in the network N, is equal to glcig f(x)

up to the constant 3 a,—c,. |}
A€E,
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